In their paper, Nordahl et al. [1] use an additive hazards model approach to examine potential behavioral mediators governing the relationship between education and coronary heart disease. They also compare and contrast their approach and results with that using a proportional hazard model.
Mediation analysis using additive hazards versus proportional hazards models
In their paper, Nordahl et al. [1] use an additive hazards model approach to examine potential behavioral mediators governing the relationship between education and coronary heart disease. They also compare and contrast their approach and results with that using a proportional hazard model.
As noted by Nordahl et al. [1] , and also elsewhere [2] [3] [4] , the standard approaches to using the proportional hazards model for mediation by adding a mediator as a covariate to the proportional hazard model and then seeing if the coefficient for the exposure changes is subject to some important limitations. As discussed in greater detail below, such an approach makes strong confounding assumptions and it also makes a number of modeling assumptions. However, this approach using the proportional hazards model is also sometimes problematic because the hazards ratio is not in general a 'collapsible' measure: the hazards ratios when different sets of covariates are included in the model are not directly comparable to one another. This creates problems for the conventional approach (sometimes referred to as the ''difference method'') of adding a mediator as a covariate to the proportional hazard model and then seeing if the coefficient for the exposure changes. It was argued on these grounds by Lange and Hansen [2] that the proportional hazards model should thus not be used in this way to assess mediation. However, VanderWeele [3] showed that, although these objections apply generally to the proportional hazards model, the approach can still be used provided the outcome is relatively rare. With a rare outcome, the hazards ratio is approximately collapsible and then the ''difference method'' of assessing mediation is valid provided the confounding assumptions and modeling assumptions hold [3] . One of the advantages of the additive hazard model approach used by Nordahl et al. [1] , is that mediation can be assessed without the outcome being rare.
In the actual application of Nordahl et al. [1] , the outcome, coronary heart disease, is relatively rare and thus either the proportional hazards model or the additive hazards model approach could potentially be used. The two models make somewhat different modeling assumptions: the additive hazards model assumes that the hazard is linear in the covariates. The proportional hazards model assumes that the log of the hazard ratio is linear in the covariates. In their most basic form, when used to assess mediation, both models would also assume no interaction between the exposure and the mediator; however this assumption can be relaxed in assessing mediation both with the additive hazards model [2] and with the proportional hazards model [3] . Indeed allowing for exposure-mediator interaction is one of the advantages of the new methods for direct and indirect effects that have been developing in the causal inference literature [2] [3] [4] [5] [6] [7] [8] [9] [10] . In their analysis, however, Nordahl et al. report not finding strong evidence of interaction.
Nordahl et al. [1] report and compare results from both the additive hazards model and the proportional hazards model using three mediators: smoking, physical activity and BMI. They compare short to long periods of education and medium to long periods of education. They consider results separately for men and women. For smoking as a mediator, comparing short to long education and using an additive hazards model, they report 6 % proportion mediated for women and 8 % for men; the corresponding estimates from the proportional hazards model are 6 and 6 % respectively. For physical activity as a mediator, comparing short to long education and using an additive hazards model, they report 0 % proportion mediated for women and 1 % for men; the corresponding estimates from the proportional hazards model are 0 and 2 % respectively. For BMI as a mediator, comparing short to long education and using an additive hazards model, they report 14 % proportion mediated for women, and 21 % for men; the corresponding estimates from the proportional hazards model are 15 and 23 % respectively. The results in all cases are nearly identical when comparing the additive hazards and proportional hazards models. The use of both the additive hazards and proportional hazards models suggests that the results are not particularly dependent on the modeling assumptions made in these approaches in their application.
Sensitivity analysis for unmeasured confounding for survival data
However, the analysis of mediation does not only make statistical modeling assumptions, but also strong assumptions about confounding. The confounding assumptions that are required to draw valid conclusions about mediation and direct and indirect effects are in general much stronger than those required to draw valid conclusions about total effects. As noted in Nordahl et al. [1] , and elsewhere [2] [3] [4] [5] [6] [7] [8] [9] [10] , to obtain valid estimates of direct and indirect effects one in general must assume that the measured covariates suffice to control for (1) exposureoutcome confounding, (2) mediator-outcome confounding, and (3) exposure-mediator confounding, and one must further assume (4) none of the mediator-outcome confounders are affected by the exposure [2, 3, 6, 10] . These are strong assumptions. In many settings they will be violated. For example, in the study of Nordahl et al., when considering smoking as a mediator, these assumptions would require that control had been made for confounders of (1) the education-heart disease relationship, (2) the smoking-heart disease relationship, and (3) the educationsmoking relationship, and further that (4) none of the smoking-heart disease confounders are affected by the education. Nordahl et al. note that country of birth might be an unmeasured confounder in their study; it might for example affect both the mediator, smoking, and the outcome, coronary heart disease.
With observational data it will not in general be possible to control for all confounding variables. However, sensitivity analysis can be used to assess the extent to which an unmeasured confounding variable might change estimates of effects. Such techniques are well established for total effects [11] [12] [13] [14] [15] and have begun to develop for direct and indirect effects [8, 9] . Most of the literature on sensitivity analysis concerns binary or continuous outcomes. One way to proceed with sensitivity analysis with time-to-event data would be to take whatever survival analysis model is being employed and to use this to compute survival probabilities at a fixed point in time e.g. 1-year survival or 5-year survival. In comparing survival rates for two different exposure levels, one could then use these survival probabilities and apply sensitivity analysis techniques for a binary outcome on either the difference or ratio scale [11] [12] [13] [14] [15] . Often, however, as in the paper by Nordahl et al. [1] , hazard scales are used e.g. the hazard difference or the hazard ratio. Sensitivity analysis using hazard ratio scales can be more difficult due to the non-collapsibility of hazards as mentioned above. However, as before, when the outcome is rare, this non-collapsibility is essentially a non-issue and progress can be made. In the remainder of this commentary, a number of sensitivity analysis techniques are presented that can be used for total, direct and indirect effects on the hazards difference or hazards ratio scale when the outcome is rare. The results presented here take techniques for binary and continuous outcomes [8, 15] and extend their applicability to timeto-event outcomes. Formal derivations are given in the online supplement to this commentary. Nordahl et al. [1] give an example of such sensitivity analysis in their paper using ideas presented in VanderWeele [8] . The development here gives the formal results justifying their approach for the hazard scale.
Sensitivity analysis for total effects for hazard differences and hazard ratios First, consider total effects on the hazard difference scale. Suppose we obtain estimates of such effects e.g. using an additive hazards model, controlling for our measured covariates which we will denote by C. Suppose now that there is also an unmeasured covariate U and that we would have controlled for confounding for the effect of the exposure on the outcome if we had controlled for C and U but not simply by controlling for C alone. Under some simplifying assumptions, we can proceed with a very easyto-use sensitivity analysis technique to assess what the estimate would be that we would have obtained had we been able to adjust for U as well. Specifically we will assume that the unmeasured variable U is binary and that the effect of U on the outcome on the hazard difference scale is the same for both exposure groups (i.e. no interaction between the effects of U and the exposure on the additive scale). These assumptions can be relaxed and a more general approach is presented in the online supplement. We will also assume here, and in all of the results in this commentary, that the outcome is relatively rare (e.g. as in the Nordahl et al. study). Under these assumptions we can carry out sensitivity analysis by specifying two sensitivity analysis parameters. We need to specify the effect of U on the outcome on the hazard difference scale, conditional on the exposure and the covariates; we will call this parameter c. We also need to specify the difference in the prevalence of U amongst the exposed and the unexposed; we will call this parameter d. We can then calculate what we might call a bias factor by the taking the product cd. As shown in the online supplement, to obtain a ''corrected'' estimate of the effect on the hazard difference scale (i.e. what we would have obtained had we controlled for U as well), we can simply take our estimate from the observed data, controlling only for C, and subtract the bias factor cd from the estimate; under the simplifying assumptions above we can also obtain a corrected confidence interval by subtracting the bias factor cd from both limits of the confidence interval. We could then vary the sensitivity analysis parameters according to values that were thought plausible or as informed by external information or expert opinion to see how sensitive estimates were to the possibility of unmeasured confounding.
A similar approach can be carried out on the hazard ratio scale. For the hazard ratio scale we will again assume a rare outcome and a binary unmeasured confounder U but now we will assume that the effect of U on the outcome on the hazard ratio scale does not vary across exposure groups (i.e. no interaction between the effects of U and the exposure on the hazard ratio scale). Under these simplifying assumptions we will specify three parameters to carry out the sensitivity analysis. We will now let c denote the effect of U on the outcome on the hazard ratio scale, conditional on the exposure and the covariates. And we will let p 1 and p 0 denote the prevalence of U amongst the exposed and unexposed respectively, conditional on measured covariates C. Once we have specified these parameters we can obtain a bias factor on the hazard ratio scale by the formula:
. We can then can simply take our estimate of the hazard ratio from the observed data, controlling only for C, and now divide the estimate by this bias factor to obtain a corrected estimate (what we would have obtained had we controlled for U as well). Under the simplifying assumptions above we can also obtain a corrected confidence interval by dividing both limits of the confidence interval by the bias factor. A similar formula for total effects for the hazard ratio scale, but using different assumptions, was obtained by Lin et al. [16] but the assumptions they made were not plausible in the context of U being an unmeasured confounder [17, 18] as they effectively assume that either the unmeasured covariate U or the measured covariates C do not affect exposure (in which case the variable would not be a confounder). The simplifying assumption here that the effect of U on the outcome on the hazard ratio scale is the same in both exposure groups might be reasonable in some settings; more general results are also given in the online supplement.
The two formulae presented above for the additive hazard scale and the hazard ratio scales are exactly the same for those presented on the additive scale for binary or continuous outcomes or on the ratio scale for binary outcomes, respectively [12, 15] . As shown in the online supplement, the formulas are justified and the analogues hold under the assumption that the time-to-event outcome is relatively rare.
Sensitivity analysis for direct and indirect effects for hazard differences and hazard ratios
In the paper by Nordahl et al. [1] , interest is not simply in the total effects of the education exposure on the coronary heart disease outcome but rather in assessing mediation and direct and indirect effects. One notion of a direct effect, sometimes called a ''controlled direct effect'' [6] , is the measure of the effect of the exposure on the outcome when the mediator is fixed to some particular level. For example, in the context of the Nordahl et al. [1] study with smoking as a mediator, we might want to consider how large the effect of education on coronary heart disease would be if we could intervene to prevent smoking for everyone. For such controlled direct effects we need to control for both exposure-outcome and mediator-outcome confounding. Suppose that there were an unmeasured mediator outcome confounder U but we controlled only for measured covariates C. Suppose that if we had controlled for both C and U we would have controlled for exposure-outcome and mediator-outcome confounding. We can once again use sensitivity analysis to examine how such an unmeasured confounder might change estimates of the controlled direct effect on the hazard difference or hazard ratio scale (e.g. estimates that would be obtained for example using an additive hazard or a proportional hazard model including the exposure, mediator and measured covariates C in the model).
For the hazard difference scale, we again specify two parameters. We will again assume the outcome is rare and we assume a binary unmeasured confounder U such that the effect of U on the outcome on the hazard difference scale is the same for both exposure groups. The approach is very similar to that for total effects but the interpretation of the parameters is somewhat different. Suppose controlling only for measured covariates C we obtained (e.g. using an additive hazard model) an estimate of the hazard difference of the exposure on the outcome with the mediator fixed to value m. For the first parameter, we specify the effect of U on the outcome on the hazard difference scale, conditional on the exposure, the mediator and the covariates; note this is the effect of the unmeasured confounder U on the outcome not through the mediator M; we will call this parameter c m . We also need to specify the difference in the prevalence of U amongst the exposed conditional on M = m and the prevalence of U among the unexposed, again now conditional on M = m; we will call this parameter d m . See VanderWeele [8] for further discussion of the interpretation of these prevalences of the unmeasured confounder U conditional on the mediator value M = m. We can then compute a bias factor for the controlled direct effect on the hazard difference scale by the taking the product c m d m . We can obtain a corrected estimate of the controlled direct effect on the hazard difference scale by subtracting the bias factor from the estimate and, under the simplifying assumptions above, we can also obtain a corrected confidence interval by subtracting the bias factor from both limits of the confidence interval.
For the hazard ratio scale, we assume again a rare outcome and that U is a binary unmeasured mediator-outcome confounder; we now assume that the effect of U on the outcome on the hazard ratio scale is the same for both exposure groups. Suppose, controlling only for measured covariates C, we had obtained (e.g. using a proportional hazards model) an estimate of the hazard ratio for the effect of the exposure on the outcome with the mediator fixed to value m. We specify three sensitivity analysis parameters. We now let c m denote the effect of U on the outcome on the hazard ratio scale, conditional on the exposure, the mediator and the covariates; again this is the effect of U on the outcome not through the mediator. We let p 1m and p 0m denote the prevalence of U amongst the exposed conditional on M = m and the prevalence of U among the unexposed, again conditional on M = m. We can obtain a bias factor on the hazard ratio scale by the formula:
We can take our estimate of the hazard ratio from the observed data, controlling only for C, and divide the estimate by this bias factor to obtain a corrected estimate and, under the simplifying assumptions above, we can also obtain a corrected confidence interval by dividing both limits of the confidence interval by the bias factor as well. More general expressions for controlled direct effects for both the hazard difference and hazard ratio scales, which do not require the simplifying assumptions, are given in the online supplement. The expressions given here are analogous to those given in VanderWeele [8] for binary and continuous variables. As shown in the online supplement, they are applicable to time-to-event outcomes as well when the outcome is rare.
Using an additive hazard model, Nordahl et al. [1] estimate quantities on the hazard difference scale that are sometimes called ''natural direct and indirect effects'' [6] . These natural direct and indirect effects have the property that they sum up to the total effect. Under the confounding assumptions mentioned above that the measured covariates suffice to control for (1) exposure-outcome confounding, (2) mediator-outcome confounding, and (3) exposuremediator confounding, and that (4) none of the mediatoroutcome confounders are affected by the exposure, these effects can be estimated from the data [2, 3, [6] [7] [8] [9] [10] . Under the further assumption that the exposure and mediator do not interact in their effects on the outcome the controlled direct effect will equal the natural direct effect; and the natural indirect effect will equal the total effect minus the controlled direct effect [3, 7] . If we were concerned about unmeasured mediator-outcome confounding but were willing to assume absence of exposure-mediator interaction then we could apply the techniques described above for controlled direct effects, under the assumptions described above, and use them for the natural direct effects. We could also then use the opposite of these formulas for the natural indirect effects i.e. for the natural indirect effect on the hazard difference scale we could add the bias factor c m d m to the natural indirect effect estimate (whereas we would subtract this from the natural direct effect) and for the natural indirect effect on the hazard ratio scale we could multiply the natural indirect effect estimate by [1 ? (c m -1) p 1m ]/[1 ? (c m -1) p 0m ] (whereas for the natural direct effect we would divide the estimate by this expression). More general sensitivity analysis techniques for natural direct and indirect effects for the hazard difference scale which do not assume the absence of exposure-mediator interaction and which do not make the simplifying assumptions above are given in the online supplement.
Conclusion
The results given here will be of use to investigators when considering the role of unmeasured confounding in the analysis of total, direct and indirect effect estimates with time-to-event data on either the hazard difference or hazard ratio scale. The central limitation of the techniques described here is that they are only applicable to time-toevent outcomes that are relatively rare. While the rare outcome requirement may be reasonable in some settings, such as that in Nordahl et al. [1] , in many cases the outcome may be common and the results here inapplicable. The results here are analogous to those for binary and continuous outcomes but the rare outcome assumption was needed to derive the analogues for hazard scales. Future research could consider alternative sensitivity analysis techniques for time-to-event data on the hazard difference and hazard ratio scales which do not require a rare outcome. See Tchetgen Tchetgen [19] for one such approach. As noted above, with a common time-to-event outcome, estimates could also be converted into e.g. 1-year or 5-year survival probabilities and sensitivity analysis techniques for a binary outcome could be employed with the survival probabilities. Techniques to conduct sensitivity analysis on a hazard scale with a common outcome still need further development.
